




Notes for Lecture 9

Principle of least action

9.1 Principle of least action

Maybe a catchy name: the principle of least action (PoLA). It is also called Hamil-

ton’s principle.

In this course, this principle is completely equivalent to Newton’s laws. From
a more general perspective, this principle seems “deeper” or “more elegant” than
Newton’s law, because it can be applied to other branches of physics as well, like
optics, electro-magnetics, and the relativity, when Newton’s laws as we learned them
becomes impossible, or cumbersome, to generalize. For instance, the well-known
Fermat’s principle, that the light travels in a path that minimizes the time, can
be derived from the principle of least action in optics (Homework problem). Also,
it is much clearer to see “how quantum mechanics arises” in this view (especially in
Feynman’s view of quantum mechanics), while, in general, the same task is viewed
as impossible if one starts from Newton’s laws point of view.

The PoLA means that the following integral, the so-called action,

S[q(t)] =

∫
2

1

dt L(q(t), q̇(t), t)

is stationary when q(t) is the actual motion. Let me analyze this sentence one by

one. But, first of all, note that the integration range is written as
∫
2

1
, to mean going

from t1 to t2, not from value 1 to value 2.

1. S[q(t)] defines a functional. The square bracket [ ] is used to emphasize the
functional nature of S. It means that S takes a function q(t) as input and
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returns a number as output. In contrast, a function takes a number and returns
a number. For Hamilton’s principle, only those q(t)’s for which q(t1) ≡
q(1) and q(t2) ≡ q(2) are fixed are considered. q(1) and q(2) are initial
and final positions, in terms of the “generalized coordinate” q. In the integral,
q(t) can be any trajectory, physical or hypothetical. Having clearly understood
that S is a functional, please do not be surprised, should you see S(q) instead
of S[q], when the context is clear that S is a functional.

2. q(t) is a generalized coordinate. Here, we only consider one degree of free-
dom, and so there is only one q. Soon, we will consider many degrees of freedom,
in which case we will consider qi’s. The most common example of q is x (or y
or z). Or, the angle θ, as in the simple pendulum problem. In general, q can
be any function of the linear or the angular coordinates, time and any other
parameters of the problem, as long as L = L(q, q̇, t), i.e. the system is fully
specified by the generalized coordinate, its time derivative and the time. So,

there will be as many generalized coordinates as the degrees of free-

dom. As such, q does not need to have the dimension of length. It can be
dimensionless (e.g. angle), or it may have other dimensions (the dimension of
the momentum, the angular momentum, the energy, etc). A clever choice of q
can make a certain property of the problem obvious (cf. a Homework problem).

3. L is the so-called Lagrangian. It is defined as T − U , where T is the kinetic
energy and U is the potential energy.

4. That S[q(t)] is stationary means the following. Suppose that the true motion
occurs along qT (t). Now, imagine adding a small variation δq(t) to qT (t).

Consider the subsequent change of S, δS[qT (t)]
def
= S[qT (t)+ δqT (t)]−S[qT (t)].

That S[q(t)] is stationary at qT (t) means that

δS[qT (t)] = 0

As we are just beginning this topic, here we distinguished between the general
q(t) and the true motion qT (t). From now on, however, we will not be making
such distinctions, assuming that the context makes it clear when q(t) is an
arbitrary1 one, and when q(t) is the true motion.

Exercise (1) Consider the motion of the free particle, x = x0 + v0t. Consider
q(1) = x(1) = 0 and q(2) = x(2) = v0 (and so we have chosen t1 = 0 and t2 = 1).

Show that
∫

2

1
Ldt is indeed minimum for the true path, by examining the integral

for x = x0 + v0t + f(t), where f(t) is any function that satisfies f(1) = f(2) = 0.
(2) Consider a simply harmonic oscillator with ω0 = 1. Choose t1 = 0, t2 = 2π,

1Arbitrary, as long as it is reasonably “nice,” e.g. it has a continuous first derivative
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q(1) = x(1) = 0, q(2) = x(2) = 0. In this case, the physical solution can be taken as
sin t. Choose one differentiable function f(t) (which is not proportional to sin t) that
satisfies f(1) = f(2) = 0 and show that S[sin t + f(t)] is greater than S[sin t], the
action integral for a physical motion. [Proving this for any function f(t) is possible,
also, but it is a much more involved process.]

9.2 Characteristics of PoLA

PoLA = Hamilton principle. The resulting EOM for L is called the Lagrangian
mechanics, as opposed to the Newtonian mechanics.

1. It is a misnomer. Action is not always minimized (for a general potential;
the above examples in Exercise are for simple non-general potentials). Rather,
δS = 0 is all we mean and all we need. Minimum, maximum, or saddle point
of the action functional – all of these are OK, and do occur. Maxima do not
occur in classical mechanics, but it can in other fields (relativistic mechanics).

2. It deals with scalar quantities (action, Lagrangian) rather than vector quanti-
ties. It makes life easier.

3. It is equivalent to, but more general than, the Newtonian formulation of classi-
cal mechanics. It applies almost everywhere in physics. When it does not, it is
generalized easily (the Feynman path integral formalism of quantum mechan-
ics).

4. It is mathematical. If a free body diagram (Newtonian mechanics) provides
forces in full view, the Lagrangian mechanics appears to be just a bunch of
math equations, which may seem to “hide all physics under the rug.” Newtonian
mechanics forces you to think. Lagrangian mechanics may seem to force you to
just do the math. Whether this is good or bad is up to you. One should always
reflect upon the physics of the solution, though!

5. When bodies are in contact and the motions are constrained, the “force of con-
straint” (normal force, friction, . . . ) comes out of the mathematical formalism,
“even if you don’t try very hard.”

6. The basic formalism applies only when there exists a potential function U (and
so all forces are conservative), but the formalism can be extended when there
are non-conservative forces, using the concept of Raleigh dissipation function
(cf. Landau or any other higher level mechanics text). We will not deal with
such a case in this course, except when those non-conservative forces act as
“forces of constraint.”
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