Lecture 9 Topics

Three occupation number plots
Classical limits
Fermi Gas

— Fermi energy

— Cold metal

— Contact potential
Boson Gas

— Superfluid: He,



Boltzman Distribution/Probability

Boltzman probability: pE) = 22

. _En
Average Energy: E=2£’ o5y = TnEne 9 _Z. EN(E,) _ e n@EDE)E
n nd — Ep EHN[E?!] [ W(E)D(E)dE

E:—z s kgT
Occupation number:MEnjmm — NP(E)=N— “‘B;_L/
En e kKpT

Density of states over (E, E+dE): | p(E) = j—:

- When E spacing is very close



Probability

Boltzmann Probability
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0.8 kT = fwy, Boltzmann
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Three types of distribution

Distribution | Occupation Particles | Identical | Spin Distingui- | Exclusion
index particles? shable? principle?
Boltzman 1 Classical | Yes Any Yes No
BeE/kET spin
Bose- 1 Bosons Yes 0 or No No
Einstein BeE/kET _ 1 integer
spin
Fermi- 1 Fermions | Yes 1/2 No Yes
Dirac BeE/BT 4+ 1

When N is REALLY large, like 10%3




System requirement

* Conservation of particles

LN(E)=N(E)+N(E) + -+ N(E)=N
* Conservation of energy
I N(E)E, = N(E)E; + N (E)E, + -+ N (E)E, = E

 Example: 4 (a, b, c, d) particles with total energy of

2how,.



Maxwell-Boltzman

H 10 possible ways No. of Probability | Probable
possibilitie | of a number of
swherea | particle particles to
particle can | havingthe | havethen
haven n quantum | quantum
quantum number number
number (£) | (P=%/40) Px4

2 a b c d ' o o

1 ab|ac |ad| bc | bd | ed

0 bed | acd | abd | abc | cd | bd | be | ad | ac | ab

Total




Maxwell-Boltzman

H 10 possible ways No. of Probability | Probable
possibilitie | of a number of
swherea | particle particles to
particle can | havingthe | havethen
haven n quantum | quantum
quantum number number
number (£) | (P=%/40) Px4

2 a b C d 4 0.1 0.4

1 ab|ac |ad| bec | bd|cd | 12 0.3 1.2

0 bed | acd | abd | abc | cd | bd | be | ad | ac | ab | 24 0.6 2.4

Total | 40 1.0 4.0




Bose-Einstein

n | 10 possible ways No. of Probability | Probable
possibilitie | of a number of
swherea | particle particles to
particle can | havingthe | havethen
haven n quantum | quantum
quantum number number
number (£) | (P=%/40) Px4

2 | x X X X 4 0.1 0.4

1 XX | XX | XX | xx [ xx [ xx | 12 0.3 1.2

0 | XXX | XXX | XXX | XXX | XX | XX | XX | XX | xx | xx | 24 0.6 24

Total | 40 1.0 4.0




Bose-Einstein

0 Two possible ways (%) (P==/8) Px4
2 X 1 0.125 0.50
1 XX 2 0.250 1.00
0 XXX XX 5 0.625 2.50

Total 8 1.000 4.00




Bose-Einstein

n | 10 possible ways No. of Probability | Probable
possibilitie | of a number of
swherea | particle particles to
particle can | havingthe | havethen
haven n quantum | quantum
quantum number number
number (£) | (P=%/40) Px4

2 | x X X X 4 0.1 0.4

1 XX | XX | XX | xx [ xx [ xx | 12 0.3 1.2

0 | XXX | XXX | XXX | XXX | XX | XX | XX | XX | xx | xx | 24 0.6 24

Total | 40 1.0 4.0




Fermi-Dirac

L )l ) )

10 possible ways

No. of Probability | Probable
possibilitie | of a number of
swherea | particle particles to
particle can | havingthe | havethen
haven n quantum | quantum
quantum number number
number (£) | (P=%/40) Px4
4 0.1 0.4

xx | x| mx | owx [ xx [ 12 0.3 1.2

x| xx | oxx | mx | xx | 24 0.6 2.4

Total | 40 1.0 4.0




Fermi-Dirac

i 1 possible way | (7 (P==/8) Px4
2 0 0.0 0.0
1 XX 2 0.5 2.0
0 XX 2 0.3 2.0
Total 4 1.0 40




Three Distributions

M 10 possible ways No. of Probability | Probable
possibilitie | of a number of
swherea | particle particles to
particle can | havingthe | havethen
haven n quantum | quantum
quantum number number
number (¥) | (P=£/40) Px4

2 a b c d 4 0.1 0.4

1 ab|ac |ad| bec | bd|cd | 12 0.3 1.2

0 bed | acd | abd | abec | cd | bd | be | ad | ac | ab | 24 0.6 2.4

Total | 40 1.0 4.0
N Two possible ways (#) (P=5/8) Px4
2 X 1 0.125 0.50
1 XX 2 0.250 1.00
0 XXX XX j 0.625 2.50
Total § 1.000 4.00
0 1 possible way | (%) (P=#/8) Px4

2 0 0.0 0.0

1 XX 2 0.5 2.0

0 XX 2 0.5 2.0

Total 4 1.0 40




Three Distributions

M 10 possible ways No. of Probability | [Probable
possibilitie | of a number of
swherea | particle particles to
particle can | havingthe ||havethen
haven n quantum | [quantum
quantum number number
number (¥) | (P=£/40) Px4

2 a b c d 4 0.1 0.4

1 ab|ac |ad| bec | bd|cd | 12 0.3 1.2

10 || bed | acd | abd | abc | cd | bd | be | ad | ac | ab | 24 0.6 2.4

Total | 40 1.0 4.0
f Two possible ways (#) (P=5/8) PE 4
2 X 1 0.125 [0.50
1 XX 2 0.250 1.00
0 XXX XX j 0.625 2.50
Total § 1.000 4.00
I” 1 possible way | (%) (P=#/8) X3

2 0 0.0 0.0

1 XX 2 0.5 0.0

0 XX 2 0.5 L0

Total 4 1.0 40




Probable Number Plotting

n | Maxwell- | Bose- Fermi-Dirac
Boltzmann | Einstein

310.0 0.0 0.0

204 0.5 0.0

1(1.2 1.0 2.0

024 2.5 2.0

When there are four harmonic oscillator< in
a system with the system’s energy is 2ficu,.

Probab

le Number

n (particle’s energy state)



Probable Number Plotting

Figure 9.9 The probable number of

particles at the allowed energies

n | Maxwell- Bpse— _ Fermi-Dirac depends on whether the particles are
Boltzmann | Einstein bosons] fermions, or distinguishable.
310.0 0.0 0.0 N
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Probable Number Plotting

Figure 9.9 The probable number of

particles at the allowed energies

n | Maxwell- Bpse— _ Fermi-Dirac depends on whether the particles are
Boltzmann | Einstein bosons, fermiony, or distinguishable.
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Probable Number Plotting

n | Maxwell- | Bose- Fermi-Dirac
Boltzmann | Einstein

310.0 0.0 0.0

204 0.5 0.0

1(1.2 1.0 2.0

024 2.5 2.0

When there are four harmonic oscillator< in
a system with the system’s energy is 2ficu.

Figure 9.9 The probable number of
particles at the allowed energies
depends on whether the particles are

bosons, fermions, or disting
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Probable Number Plotting

Figure 9.9 The probable number of

particles at the allowed energies

n | Maxwell- Bpse— _ Fermi-Dirac depends on whether the particles are
Boltzmann | Einstein bosons, fermions, or distinguishable.
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Occupation number distribution
comparison

5 N(E} vs. E
.. (harmonic oscillators}
As E increases
Bose-Einstemn
3 Boltzmann
ksT<< E = Low temp relative to system E &1 Fermi-Dirac
Solid lines " kpT =38
i =
3 1 s I\H.[ e S\.'"
= At low T, the Bose-Einstein is
» 2.5 = higher than the Boltzmann in
.._f’.; - the ground state . . .
T A Fermion >
= 2.0 2 . . . while the Fermi-Dirac
— < ! never exceeds 1.
- 1.5 : ;
2
= 1.0 4 i At high 7, the three
- s distributions coincide.
=2 All N are<<l. 3%
= 0.54
2 1 0 N o e AN SRSt e
o ST e
0 0 & 2E

n



Occupation number distribution

comparison

As E increases

kyT<< E = Low temp relative to system E
Solid lines

kT = E
Dashed lines

N(E)

35

3V
i

N(E} vs. - E
(harmonic oscillators)

Bose-Einsteimn
Boltzmann
Fermi-Dirac

P oy 8

— kg T =58

At low T, the Bose-Einstein is
higher than the Boltzmann in
the ground state . . .

. . while the Fermi-Dirac
never exceeds 1.

At high 7' the three
distributions coincide.
All N are <<1.

-
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Occupation number distribution
comparison

S N(E} vs. E

" (harmonic oscillators)
As E increases
Bose-Finstem
1 Boltzmann
ksT<< E = Low temp relative to system E a5 Fermi-Dirac

Solid lines

— ,*fl,r:"Z“;

cem= kT =8

kBT = E 34
Dashed lines

- J\H, e .{\{‘

At low T, the Bose-Einstein 1s
higher than the Boltzmann in
the ground state ., . .

N(E)

keT >> E = High temp relative to system E 5
Thin gray lines

.. . while the Fermi-Dirac
never exceeds 1.

At high 7', the three
distributions coincide.
All N are <<1.

~~~~~~~




When to use quantum gas treatment?

* A system of N particles in a 3-D box

The 3D Box

0 O0<=<x,v,z<1L,
oo otherwise

U(%) ={




When to use quantum gas treatment?

* A system of N particles in a 3-D box

The 3D Box
U[E]={n 0= x,v,z :‘:IL,
oo otherwise

n,Tx NnAY N 7z
—_ ' ' _.:I- - ' E
Y (x,v,z) = A sin sin sin

L L L

T h?
2ml2

E = (n: + ﬂf; + n2)

(MyMpdiz)



Quantum Number Space

T *h?
2ml2

£

e En’:rz_.:_.,n}.,nf} = [ﬂ; + ﬂ; + ﬂ;]




Quantum Number Space

. — ﬂ.l'. ﬂ.l'.- ﬂ.ﬁ =
L:rz_.:_.,:rz}.,:rzz::l [: x y .EI'] T 2
n® =n; +n; +nZ
232 2 II—;-"
_mhm n= |==VE

2ml> N R



Quantum Number Space

-3 =3

; ; .. T h*
e EI:?:_.:_.,H}.,HE} = [:ﬂ;r + ﬂ; + ﬂ;] 22
n® =n; +n; +nZ
Ny
E= H:h:?z n = |Im VE
Nx 2mlL- A mhk?

No.of states at E+ dE — No.of states at E
dE

D(E) =



Quantum Number Space

Ehi
2
n: Ein,m nymg) = = (ng +n -I—TLE] 7
= n® =n; +n; +nZ
| 2 Ny
232 2
T mh'n 2m L*
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No.of states at E+ dE — No.of states at E
dE

D(E) =




Quantum Number Space

-3 =3

; ; .. T h*
e EI:?:_.:_.,H}.,HE} = [:ﬂ;r + ﬂ; + ﬂ;] 22
n® =n; +n; +nZ
Ny
E= H:h:?z n = |Im VE
Nx 2mlL- A mhk?

No.of states at E+ dE — No.of states at E 1

dn
D(E) = _- il
(E) dE 5 4mn’) =




Quantum Number Space

-3 =3

e Elinx,n},,rzf} = [ﬂ:r + ny, + ﬂE] P2
n® =n; +n; +nZ
Ny
H:h:ﬂ: ﬁ
_ I.n?‘J"I.L  —
E= = /

nx 2mlL? n= == VE

No.of states at E+ dE — No.of states at E 1 _dn

ﬂ(E] = dE =§[4ﬂ.’ﬂ‘]E

i 3
m3/ 2y =

—VE
IR 2

D(E) = (25 + 1)
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DIE)=(25+1 ——
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Particles that obey the Boltzman distribution
N(E) = BoE Tt
Particles that obey the Bose-Einstein distribution

N(E) =

ST
3/2 vV Particles that obey the Fermi-Dirac distribution
D{E}={:Es+1}mﬁ N(E) =

N= me[E}D{E}dE =




3/2
D(E) = (2s+ 1)———E
[: ]TIEFT.E'-.,."E
s

N = J-EN{E]D[E]dE =

VE

3 f3 '-,,."E

FJ'“
0

Bef/eT I 1

Particles that obey the Boltzman distribution

1
NE) = g

Particles that obey the Bose-Einstein distribution

N(E) = 5

EE.-"?cE]" -1
Particles that obey the Fermi-Dirac distribution

V) = g1

dE



Particles that obey the Boltzman distribution

N(E) = =77

Particles that obey the Bose-Einstein distribution

NE) = Bef/kaT —1
3/2 v Particles that obev the Fermi-Dirac distribution

D(E) = (25 + 1}mﬁ N(E) =

Bef/kaT +1

vVE

N= me[E}D{E}dE =

m3iy =
[l
w3h3\2), BeE/kET ¥ 1

[ EN(E)D(E)dE

£= [, W (E)D(E)dE




Particles that obey the Boltzman distribution
_ 1
N(E) = BoE Tt
Particles that obey the Bose-Einstein distribution
N(E) = Bef/kaT —1

Particles that obey the Fermi-Dirac distribution

3_,!"21'; j
VE N(E) = g +1

vVE

oo mﬂ._lul'zpr oo
N = N(E)D(E)dE = —dE
j; (E)D(E) Hahaﬁj; —EeTT]

—E
- [ EN(E)D(E)dE _ ? BeFaT T1
[, W (E)D(E)dE = ‘F e

dE




mﬂ.-'lﬂ .
D(E)=(25s+1)———VE
[: ]TIEFT.E'-.,."E

=] 3.-.: oo II|—
T 1,|.E
N=f N(E)D(E)dE = _f ————dE
0 w3hd\2), Bef/kET 11

- f:f—dﬁ*
[T ENED(E)E _ " pr, 5. [
B

3R 2 N
[:_:]1 4o

E - - - 1 o
T (25 + 1) (2mmkgT)¥ 2 Vv
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El.-":

| f—
D(E) = (25 + 1]@‘9’5

o En'ﬂ oo | —
m3/2y [E
=f N(E)D(E)dE = _J. = dE
0 TIEFIE".,."E 0 Bet/kpl L 1

. [ EN(E)D(E)dE _ " BeRT 1 —Ek - w332
[y MED(EYAE (= VE o BEACH T Yo m—r T:]E'**[Lr'] T
: BekseT T 1
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Classical Limit: [—] < 1
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ma’a: —
D[E]= 25+ 1)———E
[: ]TIEFT.E'-.,."E

[=a) 3,2 [=a) |'I
m vE
N=f N(E)D(E)dE = _f ————dE
0 ?’.!.'H.ﬁa'-,,."E 0 Bec/"Bt 4+ 1

oo E
Sy —F—as

E_JTENEE)D(EME " pemT T1 I AN D) N
I, W (E)D(E)dE [ ‘;;E e 20 (25 + 1)(2mmk,T)3/2 2
o =
Be*eT +1
: o RS N
For the ideal gas, this term is Classical Limit: ()t <1 (ija w1
(mkgT)™ =V OR d

In the order of ~ gy 102




Fermi Energy

1 : - —
MN(Ez) = —ETRET L =% which makes B = e 8T

1
EE-E_EF];I‘B‘T +1 T=0Ka=-®
T=1000°K, o = =37~

N(Egp) =

T=5000°K, a= -7
T=10000°K, a= =26




Fermi Energy

T=0°K, 0=~ At T=0, electrons fill upto the E; Level

= K, a= =37- f'
e N There are N electrons.
r:sooo"K,a=-—7-; /

T = 10,000° K, @ = —2.6 / /

N = fN{E}D{E}dE

1
EI::.E—EF}_,I"F{ET _I_ 1

N(E)=

3_,!"21';

—E
m3h342

D(E)=(2s+1)



Fermi Energy

I=k o= At T=0, electrons fill upto the E; Level
T =1000°K, & = =37- |
T=5000°K, a=~77 [/

There are N electrons.

T=10,000° K, @ = —'2.67 / /

N = fﬁfﬂ'}ﬂfﬁ’}dﬁ' N = J; "N (E)D(E)dE

PR ket ek NS b I T, = -
0 1 2 3 uy 4 5 ev 1

N(E-) = e(E-Ep)/kgT 4 1 =1 upto E

3_,!"21';

—VE
m3h342

D(E) = (25+ 1)



T=0K, a= -
T=1000'K, @ = =37- |

T=5000°K, a = —7‘;
T = 10,000° K, @ = —2.6

N = FFN(E}D{EME

/|

I

Fermi Energy

At T=0, electrons fill upto the E; Level

There are N electrons.

N = fN{E}D{E}dE

N = fEFN{E}D[E}dE

1
N(E-) = e E—Ep)ikgT 4 1 =1 upto E;
3_,!"21'; u,'_
DIE)=(25+1)————E
{ } { }Eaﬁaﬁ




N

T =

Ep

0

T=0K a=—

T=1000'K, &= =37-
T=5000°K, a = —T {/
10,000° K, & = ~2.67 | /f

N(E)D(E)dE =

-
J

Fermi Energy

Ep

0

At T=0, electrons fill upto the E; Level

There are N electrons.

3/2

VE .
D(E)=(25s+ 1) —E _
(E)=1(2s }nahﬁﬁ J; N(E)D(E)dE
B 1
N{:E‘} T E(E—EF}kaT +1 =1 UptO EF
3/2y > 3
mzV 2

{zs+1}m VE dE = (25 + 1) ———=(=E2

o~

(25 + 1)my2 v

N] 243

aaul'_gF

For Silver, E¢is 5.5 eV




Fermi Gas: Conduction Electrons

o



Fermi Gas: Conduction Electrons
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Fermi Gas: Conduction Electrons
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Fermi Gas: Conduction Electrons




Fermi Gas: Conduction Electrons
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Figure 9.17 Electron en
0ld™ metal.
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Fermi Gas: Conduction Electrons

Figure 9.17 Electron energies in a
. “cold™ metal.
Electrons stack up the energy levels according to e
Pauli Exclusion Principle.
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Fermi Gas: Conduction Electrons

Figure 9.17 Electron energies in a

H “cold” metal.
Electrons stack up the energy levels according to o
Pauli Exclusion Principle.
; b
T=0° K, x= _‘@-‘)
T= low’ K, = —37_’ 'I|' $ t ES
TR o= 1) 1) Bi——1
T=10,000° K, @ = —2.67 ' // 3
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Contact Potential

Work function:

¢ = U, —Eg



Contact Potential

Work function:

¢ = Uy —Eg

R R R R R




SuperFluid: He,

P(1)
®
Electron 1 P(2)
®
‘ +2e
Electron 2

Helium atom



SuperFluid: He,

(1)
@
Is He a Boson or a Fermion? Coe -
Electron 1 P(2)
@
‘ +2e
Electron 2

Helium atom



SuperFluid: He,

Y1)
U

He, has two electrons of spin 1/2
Electron 1

S;=% S,=7% ‘ +2e

What is the total spin angular momentum?

What are m, possibilities? Helium atom

¥(2)
o

Electron 2



SuperFluid: He,

Y1)
U

He, has two electrons of spin 1/2
Electron 1

S;=% S,=7% ‘ +2e

What is the total spin angular momentum?

S=%+%=1 ORS=V-%=0 _
Helium atom

What are m_ possibilities?

ForS=0, m =0
ForS=1,m =1
m, =0

¥(2)
o

Electron 2



SuperFluid: He,

Y1)
U

He, has two electrons of spin 1/2
Electron 1

S;=% S,=7% ‘ +2e

What is the total spin angular momentum?

S=%+%=1 ORS=V-%=0 _
Helium atom

What are m_ possibilities?
ForS=0, m =0 ™MN - U
ForS=1,m =1 ™~

m, =0 ™+ ™

m, =-1 NANE

¥(2)
o

Electron 2



SuperFluid: He,

P(1)
®
He, has two electrons of spin 1/2 S
: pin 1/ Electron 1 P(2)
®
S;=% S,=7% ‘ +2e
Electron 2
What is the total spin angular momentum?
S=%+%=1 ORS=¥\-%=0 _
Helium atom
What are m_ possibilities?
ForS=0, m =0 ™MN - I Singlet anti-symmetric
ForS=1,m =1 ™ R
m, =0 MY + ML = | Triplet symmetric

m, =-1 NN _



Superfluid: He4

*The Spin O state is more stable for

X the 1S orbital.

0 45 4p d4d i1 fi=d
3\, S [30><3d -~ T
[ -
|
285 ”|;2 n=2
|
5} I'IIII|I
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[
I
|11
-10r /]
IlllllI Parahalium i Orthohelium
aV| ||| s=0 : =1
[ ; n=1
L L : D
—— T.-' ¥ . —
-20f I,Tlu + Helium
| i
I.'I.'; . energy
II|||II1E ' levels
-25 !
0 1 2 3 0 1 2 3
Orbital angular momentum |

Since electrons in He4 are
considered bosons, they can occupy

Hydrogen  the same energy state.
levels

*As He, cools, more stable energy
states are sought by electrons.

*Around 2.2K, most electrons in He4
occupies the lowest possible energy
states, meaning sharing the same

wave function.
1 Wil Ty Py () by
VZ 1:'-"15'[1:} T: ”'Pj.«-.-(i’f:} ~L:



Superfluid: He,

. % *Around 2.2K, most electrons in He4
occupies the lowest possible energy

Or= '? 4d A
35 3.~ T,
I f
[ 2 . .
A 2 states, meaning sharing the same
|| ] .
5t I.'.'.' 5 wave function.
I 1
,'I'I'I : Hydragen
Il | vt 1 Pl Ty e () by
a0k ] : VIl (xa) T Paelxg) L
|I|IIII Parahalium : Orthohelium
aV 'I'I.' 8=0 : S=1
il . el *In a system of N He atoms:
== T : . ==
-20f I,Tlu Helium
If : ener N
'II|II|II ; IEFEIEF Z E_ik_j"l_:_l" whixl} Tl 111_',1:'3 (Il:}l ~L1
s = Pilaa) To Pyxg) Ls
2 3 0 1 2 a —

-25
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Orbital angular momentum |



Power of coherent waves




Power of coherent waves




