PH102: Interactive Lecture 3

* Topics
— Particle in a 3-D box

— 3-D Schrodinger Equation for Hydrogen atom
(x,y2) & (1.6,¢)

. . R
— Separation of variables

— Three equations

— Three quantum numbers (n, |, m))
— Wave functions

— Degeneracies



Particle in a 3-d infinite well

—k= - N . .
— VY (x) T Uy (x) = E Y(x)
: 3 . 3% a2 32
In (x,v,z) coordinates, x = (x,v,z). V' =—+ 3

Ax* By A=

dx< dy*

a! az az 2m
it a3t 3 |Y (x,v,2) = _h_g[:E_ U(xy,2))¥ (x5, 2)

3 0 O0=<x=<L_ ,0<<y=<L_ .0=<<z-<<L
U(x]:{m T =y Y= 5y 2= b

otherwise

Wave functions exist only inside the 3-d infinite well.

Separation of variables: Y(x) = ¢ (xy,z) = F(x)G(y)H(2)



Particle in a 3-d infinite well
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V2 (X) + U (%) = E ¥(%)
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In (x,y, z) coordinates, x = (x,y,z), V' = e + +
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otherwise
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Wave functions exist only inside the 3-d infinite well.

Separation of variables:
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\ \ X

constant=Cx Constant=Cy Constant=Cz

Y(x) = ¢ (x,y,z) = F(x)G(y)H(2)

=constant

Cx+Cy+Cz=—
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Particle in a 3-d infinite well

1-D solutions:

5
2 0 Wave function: (x) = [= sin{—)
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nt gt kT
Energv E = —
3-D solutions: wave functions
rd Fx) g
3 C.F(x) — F(x) = A, sin ”“jx
d 5(y) Ty, TV
= r 1 = i
= C,G(¥) = G(y) =4, sm—LL}_
d H(z) _ , NpES
(2= CHE) - HE)= 4,50



Particle in a 3-d infinite well

1-D solutions:

5
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Particle in a 3-D infinite well

n,TxX @ N Ay  N_TZ
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Lowest energy state =  Eiy 117 = (
¥

s

Wave function for the lowest energy state = Py 11) = A sinEsinZsinZE

x Ly Lz



(nx +n) + )nzfzz
L:”

(nx.ny,nz) on L) 2m

n.nmwx MNnAy N,AZ
Y (x,v,z) = F(x)G(y)H(z) = A sin 2 sin )L 2 sin zL

x y z

An electron in a cubit 3d infinite well of 1 nm at the E(2,1,1) state

_ T REY g 3 g4 (1085 %107 Jeec)?
Eiz11) = 6 (zmﬂ-) =@+ 1+1 ]2(9.1111I}_5"kg}(10_9 m)®

=362x 107" ] = 2.26 eV (the same as E;y 54y = Efy14)

electron mass = 9.11x 'll]_alkg
Where h= 1.055x 1073 Jsec and 1eV=1602x107"]

L=10"m
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ny, ny \=°hk*
E =|-4£+-5+-%
(emyng) — \2* " 1,* " 1;® ) 2m

n.mx nNnAy N,AZ
Y (x,v,z) = F(x)G(y)H(z) = A sin 2 sin JL 2 sin ZL

x y z

Where is a particle with the value most likely to be found?

Probability density

2 .
o IWeanl® =47 (snZ) (sin)” (sinZ%)°
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n.mx nNnAy N,AZ
Y (x,v,z) = F(x)G(y)H(z) = A sin 2 sin JL 2 sin ZL

x y z

Where is a particle with the value most likely to be found?

¥

Probability density
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Where is a particle with the value most likely to be found?

Probability density
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Since the value of (sinf)* is highest when 8 = %TI,%T‘E, etc., the probability —




Energy Split

Consider (that is, a slightly non-symmetric box along the z axis)

2 2 2+ [ RS wh®
Eqip = (174 124+ 1) (Z5) = 3 (&)

g Imi*

Eizin T Bz = B = (2°+ 17 + 19 [Hﬂ) =6 (RZﬁz}

2m L2 Iml*



Energy Split

Consider (that s, a slightly non-symmetric box along the z axis)
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Energy Split

Consider (that s, a slightly non-symmetric box along the z axis)

- - - z lE ] z lE
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Quantum Problem Solving Schema

Think about potential energy and Hamiltonian
Divide regions, if possible

Choose appropriate coordinates

Write Schrodinger Equation for each region
Separation of variables, if possible

Set “constant”s if applicable

Solve for wave function
— Boundary conditions
— Normalization

Solve for energy

Build energy level diagrams and inspect for energy
degeneracies



Hydrogen atom

* Potential created by Coulomb interactions
between electron (-e) and proton (+e)



Hydrogen atom

* Potential created by Coulomb interactions
between electron (-e) and proton (+e)

1 —_

U(T] = 4ME, T




Hydrogen atom

* Potential created by Coulomb interactions
between electron (-e) and proton (+e)

U(eV) X

600 400 200 (l) 200 400 600

; N T N T VI S T
r (pm)

r (pm)

Ground
state

z
U(r)= —— ~30}
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Schrodinger Equation

vy @)+ U@y @) =E ¥(@)
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Schrodinger Equation

-
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Schrodinger Equation
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Schrodinger Equation
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Schrodinger Equation
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Schrodinger Equation

x) =E ¢(x)
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Schrodinger Equation

3:19 aae (Sma ae)q"& + smﬁe aac,; y= [ % (T: %)

Separation of variables

Y(r.6,¢) =R(r)0(8)®(¢)




Schrodinger Equation
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Separation of variables
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Schrodinger Equation

zinf A8 sin® @ A2

Separation of variables

Y(r.6,¢) =R(r)0(8)®(¢)
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Schrodinger Equation
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Schrodinger Equation
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Schrodinger Equation
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B =in

Schrodinger Equation
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Schrodinger Equation
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Schrodinger Equation
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Schrodinger Equation
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Schrodinger Equation
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. 2



Azimuthal Equation

Wave function

Boundary condition

Quantization



Azimuthal Equation

Wave function d(p) = A e™?

Boundary condition

Quantization



Azimuthal Equation

Wave function d(p) = A e™?

Boundary condition

>

Quantization



Azimuthal Equation

8%
8 gh®

= —m; ®

Wave function ®(p) = A e™?®

Boundary condition
®(¢p) = @(p+ 2m)

A Efqub = 4 Efﬂlt(i""‘ﬂi"f} — ﬂefﬂltqﬁefﬂmt

>

n
x

Quantization



Azimuthal Equation

8% 2
Wave function ®(p) = A e™?®

¢(¢)= @(¢+2m)

A Eim:tﬁ' = 4 Eim:I:ql_’:--l'Z:'f::' — ‘qeim:qﬁeiﬂﬁm: (

Boundary condition \
ol

e =™l =1 = cos2mm, + isin2mm, e

Quantization



Azimuthal Equation

8% 2
Wave function ®(p) = A e™?®

Boundary condition
®(¢p) = @(p+ 2m)

A Ezm;qﬁ- = 4 Ezm;Lt,fH.».Jﬂ — Hezm;tiﬁeunm;
g™l =1 = cos2mm,; + isin2mm,

Quantization

m, =0,+1,+2, 13, etc.




Azimuthal Equation

8% 2
Wave function ®(p) = A e™?®

Boundary condition
®(¢p) = @(p+ 2m)

>

A Eim:tﬁ' = 4 Eim:I:ql_’:--l'Z:'f::' — ‘qeim:qﬁeiﬂﬁm: <

g™l =1 = cos2mm,; + isin2mm, e

Quantization
m, =0,+1,+2, 13, etc.

Magnetic quantum number



Polar Equation

d de . )
sind ﬁ(smﬁ' ﬁ) + [I(I+ 1)sin“8 —m;]@ =0

Solutions: Associated Legendre Functions
Quantization

v given |, m, values can be 0,1+1,12, 11

— Orbital quantum number
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Radial Equation
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) where » 1s an integer

- -
LT &

n = Principal quantum number

/1=0,1,2,..(n1)
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Hydrogen atom Solutions

* DPrincipal quantum number, n = 1, 2, 3, ...
¢ Orbital quantum number, [ = 0,1, 2, ... (n — 1) where [ =1(5), =2(p), =3(d), =41, etc.

* Magnetic quantum number, m, = 0,+1,+2,... =1

Wave function =¢(r, 8, ¢) = R(r)0(6)®(p) = R, E}Lm; P

where 8, &, = Y,"! (Spherical harmonics)

iy
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Schrodinger Equation: Hydrogen Atom

Ly @U@ =EvE) 0=
[ v2+ U] ¥ () =E $(@)

Hamiltonian (H) = T (kinetic) + U (Potential)

Kinetic energy w.r.t. r + Kinetic energy w.r.t. rotation

1 a( ::E?R) 2mr?

M e ¥ (E-U(@))=Cc= —-1(1+1)-
- aa('aaﬁ})+ L0 2 e Lia+ 1)
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Schrodinger Equation: Hydrogen Atom

Pty @U@ H=EeE) 0= - o

-
i

[

S VU@ @ =EYE) | Hy,,, = E, .

-
=

Hamiltonian (H) = T (kinetic) + U (Potential)

Kinetic energy w.r.t. r + Kinetic energy w.r.t. rotation

S22 (2 ) 2 (e ()= = i1+ 1)-

Ror\ ar
1 g _d&y 1 3@ o _ 2 |
o csch ﬁ(smﬁ' ﬁ)_l_ 3¢ E\'@ =Cc=-I(l+1) |L 11'&:*:,:,:*11; = l(l+1)h 11&?!,1;?11.' ,
E = _mid Lzﬁjn,l,m; = mihw'n,l,m;
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“The angular momentum L of a particle at the position r whose linear momentum is p is defined
b the vector formula
L=rxp
(a) From the above expression, explain how three Cartesian components of L can be written
as:
L,=vyp:—zp,
L:,- = IP, — XPz
L, =xp, — Vb,
(b) Using the momentum operators such as p, = ?;—f etc. express three Cartesian angular

momentum operators L, L,,L_

(c) Provethat the three Cartesian angular momentum operators in spherical polar coordinates
can be written as:

b= (Coing 2 cortcoss L)
=3 srnqb co Cas¢a¢

h ﬂ d
L,= - (cascﬁﬁ— cot@sing ﬂ:ﬁ)
_ha
L= r

(d) L* operator is defined by:
L’=LL +LL +LL,

Prove that
z - _p[L 2 1 ""2]
L= h I:Siﬁ,ﬁ' ag (SE.TII? ) =i 5!
(e) Using L, = —— % and ®(¢) = A ™% prove that

ae:-
L= mhp

Tl 2 _ _gpz[ 1 (. -8 1 az}
(f) UsingL h Lmﬁ- 88 [Smeae) . Er
S(p) = Aetmu®

' ea( j ea@)+[z(s+1} m?8 —m?]e =0
Sin 28 sin 28 s5in m, =

Prove that
Py = 1+ 1]&211!1



Three quantum numbers

* Principal guantum number: n

En =73 :IE:F (ni)= B (E::ED) (411 “ k2 )(_]_
(G (F) = 138 62

L* = I(I+ 1)&°
L.= mh

* Orbital quantum number: =012, @1

* Magnetic quantum number: m, =0,+1,+2,..+1



Degeneracies

Y(r, 8,¢) = 11'&?:,2,:*11; = R(r)e(f)®(¢) = EH,EEE,m;¢m; = En,:Y:m:
where @, &, = Y,"! (Spherical harmonics)

in-nﬂn,l,m; = I[I + 1] hz$n,2,m;

Lzﬁjn,l,m; = mihﬁ!n,hm;

n [ m; E,(eV) L] L, Yoim = R_,Y, "  degeneracies  Orbital name

1 0 0 -136 0 0 P oo R,,Y, Non-degenerate ls




Degeneracies

Y(r, 8,¢) = 11'&?:,2,:*11; = R(r)e(f)®(¢) = EH,EEE,m;¢m; = En,:Y:m:
where @, &, = Y,"! (Spherical harmonics)

Ly, = L1+ DAY

1.lamy

Lz 11{1?:!, Lmy — ny hﬁ!n, Ly

n [ m; E,(eV) L] L, Yosm = R, Y, . degeneracies  Orbital name
1 0 0 -136 0 0 P oo R,,Y, Non-degenerate ls
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Degeneracies

Y(r, 8,¢) = 11'&?:,2,:*11; = R(r)e(f)®(¢) = EH,EEE,m;¢m; = En,:Y:m:
where @, &, = Y,"! (Spherical harmonics)

Ly, = L1+ DAY

1.lamy

Lz 11{1?:!, Lmy — ny hﬁ!n, Ly

n [ m; E,(eV) L] L, Yosm = R,Y, degeneracies  Orbital name
1 0 0 -136 0 0 P oo R,,Y, Non-degenerate ls
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Degeneracies

— — — — ml‘
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Degeneracies
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W(r,8,¢) =1, . =R(r)0(8)®($) = R,,0,,, P, =R, ¥
where ©, . &, =Y,"! (Spherical harmonics)
LzﬁynJE,m; = ![I + 1] hz11£rﬂ;:;m;
Lzﬁjn,l,m; = mihﬁ!n,hm;
n [ m; E,(eV) L] L, Yoim = R_,Y, "  degeneracies  Orbital name
1 0 0 -136 0 0 P oo R,,Y, Non-degenerate ls
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n [ m; E,(eV) IL| L, Yoim = R,,Y, " degeneracies  Orbital name
1 0 0 -136 0 0 Y00 R,,Yy Non-degenerate 1s
2 0 0 340 0 0 200 R, Y, 4 (=2%) 2s
11 V2R Tho Waea RaYil 2p
0 0 210 Ry Y7
1 th a1 Ry Yi*
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n [ m; E,(eV) IL| L, Yoim = R,,Y, " degeneracies  Orbital name
1 0 0 -136 0 0 Y00 R,,Yy Non-degenerate 1s
2 0 0 340 O 0 200 R,,Y? 4 (=29 2s
REEN N2k TR W RpYito 2p
0 0 210 '!?211":FII|E:I
_“1““ +h 1 'EZlY:I-.'-l
30 0 0 0 .. Wapo_____ RyYy 939 3s
1 -1 V2h —h Wiy g Ry Yyt 3p
___[2___ 0 11'["I31l]' _____ 'Elille:r:ll.:I
N L. . ¥R Wayz Ru¥y
2 -2 Jer —2h Yo _o Ry, Y, ? 3d
1 —h Yag_y  RpYs*
“—[j“— 0 11'&3 - R 3z Yil'}
_“1““ +h 11'[J'H 1 R 3z Yi:'l-
2 t2h  Ps;  RyY;




