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Lecture Notes: January 9, Thurs, Lecture 2

Schrodinger Equation Expressions for a Particle in 1-D Infinite and 3-D Infinite Potential
Wells
Objectives:
e Express Schrodinger Equations for a particle at bound states in 1D (x) and 3D (X, y, 2)
infinite wells. Describe quantized energy states and wave functions for infinite potential
wells. Understand energy degeneracies.

We have the time-independent Schrodinger Equation:

—h2 3%Y(x)
2m  9x2

+ U() () =Eyp(x) (e2.1)

Bound States represent cases when a particle’s wave function is limited to a finite region of
space by the potential energy, U(x). We will consider wave functions and energies three such
cases:

e Infinite Well where U(x) = LT

e Finite Well where U(x) = \—|

A Particle with E in a 1 Dimensional Infinite Well

(0'e] (0'e]
A A
U(x)
0 x<0
U(x):iO 0< x<L
Ie%e) x=>1L
0 L X

Where x < 0, wave functions CANNOT exist since the potential is infinity. 2> ¥, <,(x) =0
Where x > L, wave functions CANNOT exist since the potential is infinity > 9,5, (x) =0
Where 0 < x < L, put U(x) = 0 into the time-independent Schrodinger Equation (e2.1),

R _Eux)  (e2.2)

2m  0x2

2mE

P(x)=—k?yP(x) wherek = = (e23)

%Y (x) _ —2mE
dx2 h2
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Since the wave function has to be confined inside the infinite well, we can consider
sin(kx) or cos(kx) that satisfy (e2.2) as Ygcy<r(X).

BUT, since ¥ (x) needs to be continuous which means
o Y,.o(x =0)=0-> We take only sin(kx) for Y.<, (x) (drop cos(kx))
o Ys (x=0) =0 Pgere (x = L) = sin(kL) = 0 gives energy quantization rules

kL = ZZ;EL =nm  wheren=1,2, 3, etc. (e2.4)
n? m? h? L
= 5= Energy quantization (e2.5)

e Normalization

Yocear (¥) = Asin(ixr) = Asin()

L L . 2 L 2
Jo Wo<x<, ()2 =1 = A? [ 'sin (%) dx = AZE > A:\/; (e2.6)

THEREFORE,
e Wave function: Yocy<p, (x) = \E sin(%)
e EnergyE = "::sz
=] [=s]
2 hz
Em=3)=9 >
E(m=23) 2mlL
2 52
E(n=2)=4-—0
E(n=2)
2 52
En=1)=1
En=1) ( ) 2mlL2
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Schrodinger Equation in three dimensions using (X, Y, z) coordinates

;fn o D U@ ) =ih T > vztp(x )+ U@DWY (%) =i h“’(’“ )

2
In (x,y,z) coordinates, ¥ = (x,y,z), V2 = "T I

The time-dependent Schrodinger Equation is:
) N S > . 0P (LD
EV ‘P(x,t)+U(x)LP(x,t)—LhT (627)

Normalization: [ |¥ (X, t)|?dV =1

The time-independent Schrodinger Equation is:

;_:12 V2 (D) + U@y D) =E @) (€2.8)

02 02 02 2m
<6x2 + dy? + azz>l/) (x,y,2) = __(E U(x,y,2))yY (x,y,2)

A particle with E in a 3 Dimensional Infinite Well

- U(f):{o 0<x<Lx,.0<y<Ly.O<Z<LZ
. 00 otherwise

The 3D infinite well problem is an extension of the 1D
infinite well problem in all three direcitons, because we
can separate wave functions as

& T Y@ =9y z2) = FOGOH(Z)  (e2.9)

If we put (e2.9) into (e2.8), we get

LOZF(x) 1 9%G6(y)) 1 aZH(z)__ 2mE
F(x) 0x2 G(y) ay? H(z) 08z2

(€2.10)

(d F(x) = C,F(x) > F(x)=A, smn"”x

dGly) _

! 19 = ¢,6() - 6O) =
dH(z) _
dz 2

(€2.11)

= C,H(z) > H(z) = A, smnzﬂz

3
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Put (e2.11) into (e2.10)

2.2 2.2 2.2 ) R , .
_ nxm nym=  ngm® _ 2mE _(n} n} nz \ 72k
- h2 9 E(nx'ny'nz) - L.2 + Lyz + Lzz (6212)

2m

L2 Ly? L,
—> Energy Quantized!

NyX | N,y NNz

Y (x,y,z) = F(x)G(y)H(z) = A sin sin sin
L, L, L,

e Lowest Energy State is (n,,n,,n,) = (1,1,1)
12 12 1?2 \ n?hn2
° Ean =t itz

2m

.. TX . T . Tz

o Yu11) =4 sin = sin -~ sin —
L Ly Ly L

Degeneracy occurs when different wave functions have the same energy.
When Ly =L, = L, =1L

We can see that
2 2 2 77,'2fl2 77,'2fl2 -
e Eqin=0Q°+1°+1 )(—) = 3 (=—3) > One wave function ¥, ; 1) =

2mlL2 2mlL2

A sin % sin "L—y sin % (nondegenerate)

E 2 - E = —_ :!2 ]2 2 7'L'2f],2 n-ZhZ
@10 1.2.1) E(1,1,2) =27+ +1 )(Zmzz) 6 (zmlz)
(¢(2,1,1) - 11 Sin—Si[] —Sin_

. . .2 .
- 3 wave functions ! Va2 = A sm% sm% sm%
Ty 2nz

P = A sin=sin=Zsin

(degenerate)

Degeneracy = 3 (# of different wave functions that correspond to the same energy)

Consider an electron in a cubic 3D infinite well of 1 nm at the E(, ; 1)state

e Calculate the E(, ; 1yvalue
_ m2h?\ o 2 2y T2(1.055x1073% Jsec) 2
° Egin=06 ( )_ @+ 17+ 1 )2(9.11x10_31kg)(10_9 m)2

2mlL?

= 362 X 10_19 ] = 2.26eV (the same as E(1,2,1) = E(l,l,Z))
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electron mass = 9.11x 107 3%kg
Where h = 1.055x 10734 sec and 1eV =1.602x 107?]

L=10"m
e Probability density
2
o |Yeipl® =42 (Sinz%x) (sin nL—y)z (sin %)2

Since the value of (sin8)? is highest when 6 = gn,gn, etc., the probability
[ L 3L

[*T 2 %
density will be highest when 4 y=

7 =

NI~ N |~

Consider L, = L, = L, L, = .9 L (that is, a slightly nonsymmetric box along the z axis)
° Wlth the perfeCt Symmetry (Lx = Ly = LZ = L), E(Z,l,l) = E(I,Z,l) = E(1,1,2)
e With the change in symmetry,
12 12 12\ (m2h? 2 h? 2 h?
° Euin = (L_Z tet ) ( ) =(1+1+1.23) (ZmLZ) =3.23 (ZmLZ)

9212 2m

o Eg11) =Eazn = (22 o4 ) (nzhz) =(@4+1+1.23) (:;f;) -

2 12 9212

2m
m2h?
6.23 (ZmLz)
12 12 22\ (m2h?\_ 2h? T2 h2
o Euaiz = (L_Z tet .92L2) ( 2m )_ (1+1+4.92) (ZmLZ) = 6.92 (ZmLZ)
e FEnergy Split
A E-im,:)
i -
E| o 5 & L, Eean Baan
(2,1,1), Bi1,2.1)= B(1,21) !
Fmmmm- > CIEPEY
Erya0
Ly=1L,=L,=1L Ly=L,=LL,= 9L



