PH 102: Interactive Lecture 2 Topics

Unbound states
Particle in a 1-D infinite potential well

Particle in a 3-D infinite potential well

— Schrodinger Equation

— Separation of Variables

— Energy quantization

— Wave functions

— Energy degeneracy

— Energy split

3D Schrodinger Equation for Hydrogen atom
— Separation of variables

— Three equations



Schrodinger Equation

‘Time-Dependent Schrodinger Equation

—k% 3lw (xt) _ .p O W(xI)
e L U(x)¥(x,t)=ih 3
Separation of Variables W(x,t) =vy(x) d(t)
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Spatial part of ¥(x,t): o 90 ae? +U(x)=C
: g 1 Féln) _
Temporal part of ¥(x, t): ih PYRRR

p(t) = AelC/iR)E = go~ilc/R)E
time-independent Schrodinger Equation:
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Unbound states

time-independent Schrodinger Equation:
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Solutions:

e % = coskx + i sinkx for a particle moving in the positive direction (=) on the x axis.

e "% = coskx - i sinkx for a particle moving in the opposite direction () on the x axis.



Unbound states

time-independent Schrod

inger Equation:
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U(x) —k* 3%Y(x) —
. —E(x)
E
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PRCI P(x)=—k*¢Y(x) wherek = J=
Solutions:

e TR — rocky + i sin

r a particle moving in the positive direction (=) on the x axis.

kj iﬁ::
e "% = coskx - i sinkx for a particle moving in the opposite direction () on the x axis.




For Free Particle

Whent =10

Wavelength (1)
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1.4 Momentum (p) =

1.5 Energy quanta (E) =



For Free Particle

Whent =10

Wavelength (1)
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1.4 Momentum (p) =

1.5 Energy quanta (E) =



For Free Particle

Whent =10

Wavelength (1)
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P(xt) =9 (x) () = (x) eHHE

1.4 Momentum (p) =

1.5 Energy quanta (E) =



For Free Particle

Whent =10

Wavelength (1)

/\/\m
./ O

W(x,t) =(x) ¢(t) =w(x) e HEME — gikx  —iwe

1.4 Momentum (p) =

1.5 Energy quanta (E) =



For Free Particle

Whent =10

Wavelength (1)

/\/\m
./ O

W(x,t) =p(x) () = (x) e M = ik p—iwe
p=§§—x and E—Lh—

1.4 Momentum (p) =

1.5 Energy quanta (E) =



For Free Particle

Whent =10

Wavelength (4)

/\/\/'I\

NN Y
P(xt) =9 (x) () = (x) eHHE
P=Ea— and E—Lh—

i 3x Ez’kxe—iwr

1.4 Momentum (p) =  hk =h [?] =E (de Broglie relation)

1.5 Energy quanta (E) = hew



Unbound states

time-independent Schrodinger Equation:

—1% a%pix)

+ U(x) Y(x) =E ¥ (x)

2m dx
Ulx)
0 x=<0
U(x) = {UD x=0 E g
Uy
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E --ccmmmmmemfem e -




Bound vs. unbound states

time-independent Schrodinger Equation:

—&% 3%4p(x)
Tt U@ Y@ =E$()
Ulx)
vw={; T3, R .
UD

Where x =< 0, Where x =0




Bound vs. unbound states

time-independent Schrodinger Equation:
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UG = {Uu x=0 E g
x
Where x ~=:: 0, Where x =0
Tl —2m a '2_ (x —2mi

2 ai;} = £ =—k*¢Y(x) wherek = fo—”f i :; Lo (E—1p) Wix)=— k" P(x) wherek' =

.
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Bound vs. unbound states

time-independent Schrodinger Equation:

—1% a%pix)
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Where x = 0. Where x =0
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ax: = :; P(x) =—k*¢P(x) wherek = ‘\.||I = P T WY(x)=— k" yY(x) wherek'= 1‘|ﬁ—z°
Y. .o = Incoming wave function + Reflected wave function U, o — the transmitted wave function,
_ A gtk + Be-ikx *

— Dez’kn’x




Bound vs. unbound states

time-independent Schrodinger Equation:

—1% a%pix)

T L U(x) Y =E $(x)

U(x)
0 x=<0
=k mmmmmmmmmmmmm]-m - === | 3
Uy
x
' _
Where x = 0. Where x =0
I - -
#ix)  -2mE 2 ImE =) _ —2m(E-U,) . g . _ |z2m(E-UR)
ax: = :; P(x) =—k*¢P(x) wherek = ‘\.||I = P T WY(x)=— k" yY(x) wherek'= 1‘|ﬁ—z°
Y. .o = Incoming wave function + Reflected wave function U, o — the transmitted wave function,
_ A gtk + Be-ikx *
— Dez’kn’x
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Bound vs. unbound states

time-independent Schrodinger Equation:

—& 3 1,tl _::::I
2 4 U@ Y@ =E ()
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0 x=<0
=k mmmmmmmmmmmmm]-m - === | 3
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Bound vs. unbound states

time-independent Schrodinger Equation:
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Bound vs. unbound states

time-independent Schrodinger Equation:

—k* 8 1,tl _::::I
2 4 U@ Y@ =E ()
U(x) U(x)
0 x=<0
=4y k mmmmmmmmmmmm e m - m >
U[x] {UI} r =0 E ﬁ
U, Uy
A E L LERELE] DRI TERTE >
X x
Where x ~=:: 0, Where x =0
— . —
iz} _ -2mE 2 8 lx) _ —2miE-U,) _ 7 . _ [zmiE-Uy)
at! = P(x)=—k*P(x) wherek = ‘\Ill -z 2t Ylx)=—k" ¢(x) wherek' = N B
Y. .o = Incoming wave function + Reflected wave function Yowo — the transmitted wave function,
— A E+zkx + B e—zkx _ Defk.’x a Ce 2%
o= [2miU,—E)
¢ Y o(x=0)=v,.,x=0) > A+B=C N F
"i’i"xq:n I'-""i"::‘ﬁ'l:- _ —_
o | =0 - | ,2g 2 HA-B)=-aC
Reflection probability = reflected particle flux _ |¥refiecredl” k _ B'B [ransmission probability = 0

incoming particle flux |*|£"[.‘1|:'|:Im[.'lg|1 kA4

20




Bound vs. unbound states

time-independent Schrodinger Equation:

—1% a%pix)
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U(x)
0 x =0
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Bound vs. unbound states

time-independent Schrodinger Equation:
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Bound vs. unbound states

time-independent Schrodinger Equation:

—k® 3%p(x)
Tt U@ Y@ =E$()
U(x)
:E? ------------------------------ >
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L X
Region Region Region
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Bound vs. unbound states

time-independent Schrodinger Equation:

—k® 3%p(x)
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A gtikx + B ikx Feik=




Bound vs. unbound states

time-independent Schrodinger Equation:

—1% a%pix)

Y2+ U@ P =E (@)
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U(x)
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Transmission probability = o
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Reflection probability _55
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Bound vs. unbound states

time-independent Schrodinger Equation: U(x)
—k* 8%l _
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Bound vs. unbound states

time-independent Schrodinger Equation: U(x)
—k* 8%l _
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Schrodinger Equation

Hamiltonian operator (H)
HY¥(x,t) = E¥(x,t)

Since H = Total Energv = Kinetic energv (T) + Potential energv ()

(Z+0) (0 = E9(x,0)

_ ke —n 2
P = T30 and E = Lh

Time-Dependent Schrodinger Equation
~k% glw (xt) d Wixt)
Zm Axt dt

+U(x)¥(x,t)=1ih



1-D infinite potential well

—h* 8%4(x) + Ulx) Y(x)=E ¢(x)

2m  dx? oo oo
F Y F Y
U(x)

oo x=0
U[x]=[l] 0< x< L
oo x= L




1-D infinite potential well

—k® 8%yix)
— .t U ¥(x)=Ey(x) . .
U(x] A A
w0 r<0 ——> Regionl
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o x=L —>  Regionlll | : i




1-D infinite potential well

—k® %(x)

2m Ax*
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Regions | and lll, no wave function can exist 2 11015[,.(::::] =0

11‘["'1 =L [:.I:I =0



1-D infinite potential well
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Region Il,  —#* 8%y
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1-D infinite potential well

—k® %(x)
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1-D infinite potential well

—k® %(x)

+ Ulx) P(x) =E (x)
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L
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1-D infinite potential well

Z A3
T+ UG) W) =E p(x) ..
U(x] A A
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=
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Regions | and Ill, no wave function can exist -2 11015[,.(::::] =0

11£'r_:|;' =L [:I:I — D
Region I,  —xz a2y(x) [2mE
E dx? =k 'IIEJ'(IJ 9 11£’I}:::r=:£-[x1 =4 Sin[kxj : k= ‘\.ll k2
| 2mE
kL= |—L =nn wheren =1, 2, 3, etc.
Yoo (x =0) =0 Py, (x =1) = sin(kL) =0 v T
E=27" Energv quantization

ImlI*



1-D infinite potential well

Normalization:

Yo <rcs(6) = Asin(iex) = Asin(—)

..r; |1|{ID::xd:L (lez =1= AE ..r: sin (:ﬂ) dﬁt’ =

. 1— cos2x
sinTx =
2
- 1+ cosix
cosTx =

2



1-D infinite potential well

Normalization:

Yo <rcs(6) = Asin(iex) = Asin(—)

, —
L 3 . a3l famxy© 2L I . 1— cos2x
fu [Wperwer ()" =1= A .Ir[, sm(L—J dx = A 2 J"A—NII sin“x = 2
1+ cos2x

cosTx =

2



1-D infinite potential well

Normalization:
Tmwx
Wy cess (x) = Asin(kx) = A Sin(T]

2 [
[  Woena (P = 1= 4% frsin(Z2) dx = a2 > A= [2

_-u.'llf

—

-
[ £

L

?‘!Z‘T.TI:']

Wave function: ¥ ... (x) = I

sin(

na— :'T‘- ﬁa—

Energv E =

2mlL*



1-D infinite potential well

Normalization:
Tmwx
Wy cess (x) = Asin(kx) = A Sin(T]

2 [
..r; |1|{ID::xd:L (lez =1= Az ..r: Sin(n:x) dﬁt’ = AL% % A ="~.||Ii
Wave function: Yy ..., (x) = ||i sin[”:x]
R
Z ] Z F..
Energv E = ==
2mL*
E@=3)
) ) ']"!.'2 h:
Obtain the first three energy levels ( 7.1z )
and draw their associated wave functions E@=2)
E@=1)




1-D infinite potential well

Normalization:
Tmwx
Yo enep(x) = Asin(kx) = A sin{T}

L Lo, nme )2 L 7
f,;. W crer (x)]> = 1= A Iu sm(T) dx = ﬁZE %A:J;

Wave function: Yy ..., (x) = J% Eiﬂ[Ti}

oo oo
T % g3
Energy E = ——
2ml 2 2 ny 5
3 n=
E(n=3)=9
(n=3) 2mlL*
th
E[n=2}=42mLz En=2)
w? h? E@=1)
E(n=1)=1

2mlL?



Particle in a 3-d infinite well

—k=

2m

V2 (X) + U (%) = E ¥(%)

a® ¥ a2 at
dx

In (x,y, z) coordinates, x = (x,y,z), V' =

E‘:Jra:Jra2 ( )= gy ( )
dx? dy? 9z ¥y z) = PE ( (¥ z))P (xy,z

3 0 O0=<x=<L_ ,0<<y=<L_ .0=<<z-<<L
U(x]:{m T =y Y= 5y 2= b

otherwise

Wave functions exist only inside the 3-d infinite well.



Particle in a 3-d infinite well

—k= - N . .
— VY (x) T Uy (x) = E Y(x)
: 3 . 3% a2 32
In (x,v,z) coordinates, x = (x,v,z). V' =—+ 3

Ax* By A=

dx< dy*

a! az az 2m
it a3t 3 |Y (x,v,2) = _h_g[:E_ U(xy,2))¥ (x5, 2)

3 0 O0=<x=<L_ ,0<<y=<L_ .0=<<z-<<L
U(x]:{m T =y Y= 5y 2= b

otherwise

Wave functions exist only inside the 3-d infinite well.

Separation of variables: Y(x) = ¢ (xy,z) = F(x)G(y)H(2)



Particle in a 3-d infinite well

—k=

2m

V2 (X) + U (%) = E ¥(%)

. 3 , a8 3 . a®
In (x,y,z) coordinates. x = (x,y,2). V"= = + 57 + =

9* a* 8* 2m
;T ;T 322 ¥ (xyz)=— 32 (E—U(x,y,z))¢ (¥, 2)

O0<x<L,,0<y<L,0<z<L,
otherwise

s=(°
Wave functions exist only inside the 3-d infinite well.
Separation of variables: Y(x) = ¢ (xy,z) = F(x)G(y)H(2)

1 8°F(x) 1 8GN 1 8*Hiz) _ ImE
Fix) ox* Gly) Oy H(z) o=z R2




Particle in a 3-d infinite well

—k=

2m

V2 (X) + U (%) = E ¥(%)

g* 82 a2

In (x,y, z) coordinates, x = (x,y,z), V' = e + +

2m
PE

a: a! a!
(ax: + A2 + 332)11'& (xy.2) = — (E—U(x,y,z))¢ (¥, 2)

O0<x<L,,0<y<L,0<z<L,
otherwise

oo(2

Wave functions exist only inside the 3-d infinite well.

Separation of variables:

1 8°F(x) 1 8GN 1 8*Hiz) _
Fix) ox* Gly) Oy H(z) o=z R2

\ \ X

constant=Cx Constant=Cy Constant=Cz

Y(x) = ¢ (x,y,z) = F(x)G(y)H(2)

=constant

Cx+Cy+Cz=—

2mE
B2




Particle in a 3-d infinite well

1-D solutions:

5
8%*(x) _ —2mE Wave function: ¥, ... (x) = |= sin(T—)
= (%) NL T

Energy E = = :1;
(d Flx) _ ]
dx® EIF[:I]
d Gly) _ _
Va2 C,G(¥)
dHE _ C H(Z)

\ gzt £



Particle in a 3-d infinite well

1-D solutions:

5
2 0 Wave function: (x) = [= sin{—)
el A —2mE L |
20 _22mE g (a) R TR
nt gt kT
Energv E = —
3-D solutions: wave functions
rd Fx) g
3 C.F(x) — F(x) = A, sin ”“jx
d 5(y) Ty, TV
= r 1 = i
= C,G(¥) = G(y) =4, sm—LL}_
d H(z) _ , NpES
(2= CHE) - HE)= 4,50



Particle in a 3-d infinite well

1-D solutions:

5
*(x) _ —2mE Wave function: i, ..., (x) = 'I sin(n'LE]
) _Z2mE () .
t n® s ke
Energv E = .
2mL*
3-D solutions: wave functions
rd Fx) ) g
Az C.F(x) —+ F(x) = A, sin”“jx
d 5(y) Ty, TV
- L 1 = i
ay’ C,G(¥) = G(y) =4, sm—LL}_
d Hiz) Nz
— = (C_H(z — = =
\ o= _H(z) H(z) = A, sin L
Ny ”:}' a nim®
CX - - L.= Cy - - L 2 CZ= = = "
X ¥ 'L.E"-
2 z_Z nZ gt T3
Cx+Cy+Cz= —— = BT _»y %7
BT L Lt Lt



Particle in a 3-D infinite well

n,ox N.AOY N_TNZ
P (x,v,z) = F(x)G(yv)H(z) = A sin ‘E sin ——— sin—

Lowest energy state =

Wave function for the lowest energy state =



Particle in a 3-D infinite well

n,TxX @ N Ay  N_TZ

1:'. 1: 1: Z'T: i':._:
z + z + z
L L. L

Lowest energy state =  Eiy 117 = (
¥

s

Wave function for the lowest energy state = Py 11) = A sinEsinZsinZE

x Ly Lz



Particle in a 3-D infinite well

(L
(MpMpmz) — | 2 )

Y (x,y.2z) = F(x)G(y)H(z) = A sin

n,mx M,AY N_NZ
5111 511

X L_':l-' L.E'

When L, = L, = L_=

=L
Lowest energy state =

Wave function for the lowest energy state =

Second lowest energy state(s) =

Wave functions for the second lowest energy state(s) =



Particle in a 3-D infinite well

ns ny; 2 \7*R®
—_ X ¥ Z
EI:?!I_.?‘!}-_.?‘EE} _ (L:::: + =<+ )

n,ox N.AOY N_TNZ
W (x,v,z) = F(x)G(¥)H(z) = 4 sin——sin————sin—

. L, L

When L .= L = L_ =1L

¥ =

Lowest energy state = E=3 &5)

Imli*

. _ , X , WY , WE
Wave function for the lowest energy state = %1 =4 sin‘-sin7msin-

2m L
ra

Second lowest energy state(s) = Epyy = Eqan = Enan = (2 + 12+ 1) (25) = 6 (2)

ZmI®
Wave functions for the second lowest energy state(s) =| ¥z1n =4 sin=~sinsing

=4 . Tx , Imy ., mE
Lw{m’ﬂ = sml sin L sml

In=

= o T e TN
Yiy1 = A sin - sin——sin



Some problems

An electron in a cubit 3d infinite well of 1 nm at the E(2,1,1) state

h= 1.055x107* Jsec and 1 eV =1602x107% ]

electron mass = 9.11x10" kg
Where
L=10"m



Some problems
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Where is a particle with the value most likely to be found?



An electron in a cubit 3d infinite well of 1 nm at the E(2,1,1) state

Ll b 2 7 g4 (1085 %107 Jeec)?
Eizan = 6 (:mﬂ-) =@+ 17 +1 j:uja.11x1u-5‘—kg}(1u—9 m)?

=362x 107" ] = 2.26 eV (the same as E;y 54y = Efy14)

electron mass = 9.11x10" kg
Where h= 1.055x 1073 Jsec and 1 eV =1602x10"%]

L=10"m

Where is a particle with the value most likely to be found?

Probability density

N . 2mx. 2 , Ty 2 . mE. 2
o [Wanl® =A% (sin=7) (sin) (sin )



An electron in a cubit 3d infinite well of 1 nm at the E(2,1,1) state

Ll b 2 7 g4 (1085 %107 Jeec)?
Eizan = 6 (:mﬂ-) =@+ 17 +1 j:uja.11x1u-5‘—kg}(1u—9 m)?

=362x 107" ] = 2.26 eV (the same as E;y 54y = Efy14)

electron mass = 9.11x10" kg
Where h= 1.055x 1073 Jsec and 1 eV =1602x10"%]

L=10"m

Where is a particle with the value most likely to be found?

Probability density

N . 2mx. 2 , Ty 2 . mE. 2
o [Wanl® =A% (sin=7) (sin) (sin )

Since the value of (sinf)? is highest when 8 = %T’E,%T’E, etc., the probability



