PH102: 2014W
Lee, H. -S.

Lecture Notes: January 7, Tue, Class 1
Schrodinger equations for bound and unbound states
Objectives:
e Describe various properties of a wave and their relationships
e Using the separation of variables method, drive two part equations from the time-
dependent Schrodinger Equation assuming Energy is constant.
e Differentiate potentials between bound and unbound states
e Formulate Schrodinger Equations for unbound states such as free, step, and barrier
potentials and recognize what wave functions to use for a given potential and energy.
e Recognize the shape and the nature of wave functions associated with particles in
unbound states associated with free, step, and barrier potentials.
Defining Wave
Whent=0

Wawvelength (1)
| I Amplitnde
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e Amplitude: Distance from the middle to crest (or trough)
e Wavelength (1) = distance from crest to crest OR distance from trough to trough

When x = fixed (i.e. at a given location), the propagating wave can be observed in terms of
e Period (T) = Time between passage of two successive crests.

e Frequency (v) = Number of crest passages per unit time = %
Based on these properties, we can define

e Angular frequency (w) = 2rv = 2?“

e Angular wave number (k) = 27"
Some quantum mechanical concepts such as p and E can be defined using wave concepts:
e Momentum (p) =hk =h (27”) = % (de Broglie relation)

e Energy quanta (E) = hw (w is continuous for unbound states vs. discrete for bound

states)
Momentum and Energy (therefore, k and w), are related differently from situation to situation.
For example,
o Photon in free space: w = ck
. 21,2 pZ th
o Electron in free space: E = =— Ooftw= —

2m 2m 2m
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Contrasting Quantum and Newtonian Mechanics

In Newtonian mechanics, we can describe the motion of a particle under a certain force in terms
of the particle’s mass, position, velocity and acceleration, using Newton’s 2" Jaw. In quantum
mechanics, we can describe the probability of finding the particle at a certain time and at a
certain position using the Schrodinger equation. The Schrodinger equation can help us calculate
expected values of variables such as position and momentum across given time and space.
Newtonian mechanics is an approximation of quantum mechanics when the particle in question
becomes sufficiently large.

Schrodinger Equation

The time-dependent Schrodinger Equation can be drawn from the Hamiltonian operator that
corresponds to the total energy of a system:

Hamiltonian Operator (H) HY(x,t) = E¥Y(x,t) (e1)

Since H = Total Energy = Kinetic energy (T) + Potential energy (U)

(el) becomes (T+U)¥(x,t) = E¥(x,t) (e2)
Since T(p) = 2 and U(x)
(e2) becomes (% +U ) Y(x,t) = E¥(x,t) (€3)

Using operator notations for p = ?;—x and E = ih %
(e3) becomes the Time-Dependent Schrodinger Equation
—h2 %W (x.0) FUOW(x, b = ik AP (xt)

2m ax2 at

Where
e U(x) = Potential energy (position dependent)
e Y(x,t) =Wave function of a particle
e  W(x,t) involves real and imaginary parts (Re W(x,t) +ilm W(x,t)) where i’=-1.
. f: P (x, )V (x, t)dx = f: |¥ (x,t)|? dx = P (Probability of finding the particle
between a and b at time t).
o Wi (x,t)¥ (x,t) = |¥ (x,t)|? represents probability density.
. ffooo |¥ (x,t)|? dx = 1 (normalization)
e  W(x,t) should be normalized for |¥ (x, t)]? to represent probability density.

oW (x,t)
ax

e W(x,t) and its partial derivative (= ) should be continuous everywhere.



Solving the temporal part of the Schrodinger equation.
Use a separation of variables method by defining:

P(x, t) = (x) (o) (e4)

Substitute W(x, t) the Schrodinger equation (e3) with ¥ (x) ¢(t):

2 TVDIO 4 () )= in DI Q

2m 0x?

Move the part of the wave function that is constant under derivatives

O IVD 1 () (0= Y@ T2 (ep)

2m
Divide (e6) by ¥ (x) ¢(t), we get

—hz 1 aw(x)

1 0¢(t
2m w(x) T ox? U() ih =55 - (67)

o) ot
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Since U(x) is time-independent (we assumed so0), one way to get both sides equal regardless of
space and time would be to assign a constant, C. If U (potential energy) depends on x and t, i.e.

U (x, t), then a C cannot be assigned.

Now, from the (e7), we have two equations:

. . —h? 1 9%YP(x) _
Spatial part of W(x, t): e o +U(x)=C (e8)
_ L1 P _
Temporal part of W(x, t): ih 5 - C (€9)

To solve the Temporal part of W(x, t) (€9), rearrange it as a first order linear differential

d’( ) on both sides

R 0 (¢10)

equation by multiplying —=

Since a known solution for the first order linear differential equation
UB=bix) > f(x)=Aed

We have a solution for (e10) as
P(t) = AelC/Mt = ge~HE/ME (e11)
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Now put the temporal part of solution (el11) to the original wave function (e4) to get
W, t) = P(x) ¢(t) = (x) e /M0 (e12)
In this particular case of W(x, t), the following can be said:
The probability density does not depend upon time because
W (x, O (x, 1) =h(x)" e M p(x) e M=y ()" P(x)  (e13)

So, this case represents stationary states where the total Energy is constant (not depend
upon time or space).

For this reason, we now substitute C with E (total energy constant) in (e8)

—h2 1 9%yP(x)

2m Plx) 0x2

+U(x)=C=E

We have the time-independent Schrodinger Equation:

PRV 4 () ) = E P() (c14)

(e15) can be simply written as
Hy(x) = Ey(x)

2

_ 2
where H (Hamiltonian Operator) = % :? + U(x)

Note that the Schrodinger time-independent equations can be solved only for certain E values as
we will see quantized energy values associated with wave functions in examples.
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Unbound States where where the total energy E is (1) constant and (2) greater than 0 such as
e No Potential U(x)=0
e Potential Steps U(x)=

e Potential Barrier U(x) = J_L

Since the total energy is constant, the time independent Schrodinger Equation is used to describe
the wave function of a particle that is unbound according to U(x)

2O L () x) = E h(x) (e14)

2m  9x2

1. No Potential, U(x)= 0, Basically Free Particle

Since there is no potential, (e1.12) becomes:

—h?% 9% (x)
2m  9x2

=E¢(x)

2mE
h2

92y (x) _ 2mE
0x? h?2

Y(x)=—k?yP(x) wherek =

Solutions:
etikx = coskx + i sinkx for a particle moving in the positive direction (=) on the x axis.
e~x = coskx - i sinkx for a particle moving in the opposite direction (€) on the x axis.

Go to phet.colorado.edu/en/simulations/category/physics/quantum-phenomena

Select the Quantum tunneling and wave packets application to learn about the nature of wave
functions associated with the Schrodinger equations for unbound particles.

Download the application. You need JAVA to view the application.
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2. Potential Step
U(x)
0 x<0
= B I et i »
U@ ={y ¥3, E
Uo
0 X
IFE> U,
Where x < 0,
2 -
e Schrodinger Equation: 2 (;i(zx) = nglE Ww(x) = —k?p(x) where k = 2;’;’5

e Solution represents wave functions that move in two opposite directions
o et represents the initial wave function of the particle moving in the positive
direction (=) on the x axis.
o e~ represents the reflected wave function of the same particle moving in the
opposite direction (<) on the x axis.
o WYr<o = Incoming wave function + Reflected wave function
= A e+ikx + B e—ikx
e Since the incoming particle is unbound, the particle can have any E value (not quantized)
and thus any k value.

Wherex >0

% P(x) _ —2m(E-Up)
axz h?

e Solution involves only the transmitted wave function, ¥, , = Ce'*'*

2m(E—U0)

P(x)=—k'?P(x) wherek' = e

e Schrodinger Equation:

Wave functions in both regions should satisfy the following conditions at the boundary x = 0
* Yreo(x=0) =1y (x=0) > A+B=C
Ay Ay 1
Doy o Wmzo) o SKA-B)=kC

Note: Flux of X = Number of X that pass the unit area and per unit time (X = particle, charge,
mass, etc.) = The flow of X per unit area and per unit time.

Flux = density X velocity
Why? Velocity = distance per unit time. And, density x distance = number of X per unit area.
Thus, density x velocity = number of Xs that pass the unit area per unit time.
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Now consider a real experiment where an instrument shoots off N particles, all of which are
prepared in the same wave function . The particle density? Itis N x |y|?. What is the

particle flux? Itis N|y|? x v = N|y|?v = N|¢|2:1—k. What is important is that

hk
Particle flux = N|[y|? Pl [|2k

Particle flux o« (probability density) (wave number)

.. .- transmitted particle flux [WYirans|?® k! C*C ks
e Transmission probability = = =
P y incoming particle flux |1Pincoming|2 k A*Ak
akkr _  4.JE(E-Up)

= (k+k")2 ~ (VE + JE—Up)?

reflected particle flux _ [Yrefiectedl* k _ B*B

e Reflection probability =

incoming particle flux [Yincoming|? k T A'A

_ (k—k")? _ (JE=[E-Uo)*
~ (etk’)? T (VE + JE=Up)?

U(x)

(0 x<0
U(")‘{UO x>0

IF E < Uy = The kinetic energy of the particle <0 wherex >0

Where x < 0,

2mE
K2

a%YP(x) _ -2mE
ox2 k2
e Solution represents wave functions that move in two opposite directions (same as E > U,)
o WYy = Incoming wave function + Reflected wave function
- A e+ikx + B e—ikx

e Schrodinger Equation: Y(x)=—k?yP(x) wherek =

Wherex >0
2 _ - —
e Schrodinger Equation: 6:;(2)6) = Zm;b; 2 y(x) = a?P(x) where a = /w

e Solution involves the wave function that would decay, ¥,s o = Ce™%*

e Note that another solution of the differential equation, e®* does not apply a physical
sense (divergent as X = o).

e The wave function decays exponentially after x = 0.

Wave functions in both regions should satisfy the following conditions at the boundary x = 0
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* ¢x<0(x=0):1/)x20()(:0)9A+B:C
Ay dx> _
L oo o2 xo0 P KA-B)=-uC
Wave number density o (probability density) (wave number)
e Transmission probability = 0
. ... _ reflected particle flux _ |tpreﬂected|2 k _ B*_B _
e Reflection probability = ncoming particle lux ~ [Yimeoming” K A4 1
3. Potential Barrier
U(x)
0 x<O0 >
Ux)=y U, 0< x <L E
0 x>1L
Uo
0 L X

IFE > U,

Using the results from the step potential example, the following wave functions can be
considered as solutions to the Schrodinger Equation under the potential barrier:
e ,., = Incoming wave function + Reflected wave function

= A etikx + Beikx where k = Z;
e Yy< < = Incoming wave function + Reflected wave function
i —i 2m(E-U,
= Cetikix 4 D e thrx where k' = m(TO)
. . P 2mE
e 1., = Transmitted wave function = Fet** where k = :;

Wave functions at the boundary should satisfy the following conditions
o Pyeo(x =0) =1ocr<, (X=0) >A+B=C+D
d X d <x< y
° %|x=0=%|x=0 9I((A*B)=k(C—D)
o Yyoere (8 =L) TPousy (X=L) > Ce™™ L 4 D't = Fetikt

d d [ . s B .
° Dhosxst =L = 1/’X>L| -1 S ik (Ce+lk’L — De k'L — jk FetikL
dx x dx x

Therefore,

. - t itted particle fl 2k F*F
e Transmission probability = Lansmitted particle flux _ _Peransl” K _ F*

incoming particle flux B |¢’incoming|2 kK A*A

Lee, H. -S.
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4 k22
_ k2 —k'2)2
- 12,2
sinz(k’L)+%
. - flected particle fl 2k _B*B

e Reflection probability = Jhectedparticie fux _ Wreftecteal © _ BB

incoming particle flux  [Yincomingl® k. A*A

sin?(k'L)
- 12,2
Sl’nz(k,L)'l'(k‘}zk_ikl,{Z)z
. .. 2m(E-U
(Note. Sine dependence - Resonnant Transmission k'L = m(h—z") =nm)
Potential Barrier
U(x)
0 x <0
Ux)=y U, 0< x <L
0 x> L
Uo
E ---------f-------}----- >
0 L X

IFE< U,
Using the results from the step potential example, the following wave functions can be
considered as solutions to the Schrodinger Equation under the potential barrier:

e ,., = Incoming wave function + Reflected wave function

2mE

= A etikx + Be U where k = |=7

e Yy< < = Incoming wave function + Reflected wave function

- 2m(Up— E
Cetax + De™* where a = /%

2mE
K2

e 1,.; = Transmitted wave function = Fe** where k =

Even though the particle does not have enough energy to overcome the potential barrier U, , the
particle can be still found on the other side of the barrier.
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Bound States

Bound States represent cases when a particle’s wave function is limited to a finite region of
space by the potential energy, U(x). We will consider wave functions and energies three such
cases:

e Infinite Well where U(x) = | T
e Finite Well where U(x) = L

We have the time-independent Schrodinger Equation:

—h% 9%2(x) _
5o T U@ ¥(x) =Ep(x) (e14)
Infinite Well 00 00 ‘
A A
Ux) |
00 x<0
Ux)={0 0< x<L
0o x =L
0 I X

Where x < 0, wave functions CANNOT exist since the potential is infinity. > ¥,<,(x) =0
Where x > L, wave functions CANNOT exist since the potential is infinity 2> ¢, (x) =0
Where 0 < x < L, put U(x) = 0 into the time-independent Schrodinger Equation (e14),

D EY® (1)

2m  9x?

2mE

*p(x) _ —2mE P(x)=—k?yP(x) wherek = 2

0x2 h2

Since the wave function has to be confined inside the infinite well, we can consider
sin(kx) or cos(kx) that satisfy (e15) as Pgcy<r (X).

BUT, since ¥ (x) needs to be continuous which means
o Y,.o(x =0)=0-> We take only sin(kx) for Y, (x) (drop cos(kx))
o Y, (x=0)=02> Yoo (x =L) = sin(kL) = 0 gives energy quantization rules
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kL = /thzEL = nm where n =1, 2, 3, etc.

n? w2 2
2mL2

E =

Energy quantization

e Normalization

Yoexes () = Asin(lx) = A sin(—)

L L . 2 L >
Jy WocxaaCOF = 1= 4 fsin (M) ax = w2k > A= [

THEREFORE,
e Wave function: o<y« (x) = \/% sin("Lix)
e EnergyE = ";’ZZL:‘Z
o =]
2 hZ
Em=3)=9 —
Emn=3) 2mlL
2 hZ
E =2)=4
(n=2) 2mlL?
E(n=2)
2 hZ
E n = 1 = 1
E@=1) (n=1)=1-m0
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Finite Well
Uy x<0
Ux)={ 0 0<x<L
U, x =L

0 L X
where0 < x <L, ¥ = Aelk* + Be=k* wherek = |*2E
) o< x<L — R\eé e where K = nz
where x < 0, Yy« should decay exponentially as x moves below zero = Ce**
_ 2m(Ug— E)
where a = —
where x > 0, Yy so should decay exponentially as x moves above L = De™%*
_ 2m(Uy— E)
where a = —

Since P (x) should be continuous everywhere, the following conditions should be met:

¢ Yyoo(x =0)=YPocr<, X=0)

o AYx<o — o<x<L |
dx 'X=0 dx x=0
® Yocx<r (X=L)=vyus (X=1)
o dYo<x<L — Wzl |
dx x=L dx !'x=L

. ffooo [¥(x)|? dx = (normalization condition)

This means, there are five equations to be solved for A, B, C, and D. An additional parameter has
to obey these relationships. That additional parameter is k (therefore E). Not all energy values
will meet all five equations.

Us




