PH102: Modern Physics Homework 2 (Due: 1/27/2014)

HW problems were chosen to expand your course work. In this problem set, you will learn about
translational and rotational invariance, Unsold’s theorem, Slater Determinant, and Zeeman effect
in Sodium.

1. (10 points) Textbook: Harris, Chapter 7 Conceptual Question #14

Read below before you answer the question #14.
The translation invariance means that the Hamiltonian is translationally invariant. The rotational
invariance means that the Hamiltonian is rotationally invariant.

The formal definition of the (full; see comment below) translational invariance is that
H(x,y,z) =H(x+ a,y + b,z + ¢) for any constants a, b, c, where x, y, z are the
Cartesian coordinates. The formal definition of the (full; see comment below) rotational
invariance is that H(r,6,¢) = H(r,0 + a, ¢ + b) for any constants a, b, where r, 8, ¢
are spherical coordinates. However, the following information, derivable from this
formal definition, is sufficient.

First, note that
H =T (kinetic energy) + U (potential energy).
The Kkinetic energy is both translationally and rotationally invariant.

The potential energy is translationally invariant if it is independent of x, y, z when expressed as a
function of the Cartesian coordinates, x, y, z. (If the potential is independent of a certain
Cartesian coordinate only, then the system is partially translationally invariant.)

The potential energy is rotationally invariant if it is independent of 8, ¢, when it is expressed as a
function of the spherical coordinates, r, 8, ¢. (If the potential is independent of one angle only
(like ¢), then the system is partially rotationally invariant.)

It the system is translationally invariant, then the momentum is conserved. In QM, this means
that the Hamiltonian eigenstate can be written as a momentum eigenstate (e*** for example).

If the system is rotationally invariant, then the angular momentum is conserved. In QM, this
means that the Hamiltonian eigenstate can be written as an angular momentum eigenstate

(Yun (6, ¢) Or e™?).

Remember that H for the 3d infinite box and H for the hydrogen atom are different because of
what type of potential a particle is in:
Schrodinger Equation: ;—fi V2 () + U@ (%) = E Y (X)
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Hamiltonian: H = —- v2 +U((X)
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For the 3d Infinite box U (¥) = {
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For the hydrogen atom U(r) =

You can discuss the wave functions for the Hamiltonian eigenstates in view of these invariances
or the lack thereof. Note that even the 3d infinite box is not a translationally invariant problem
since the potential is dependent on X, y, z coordinates, but the translationally invariant problem
(the zero potential case) does shed light on it when we limit the particle behavior within the box.

2. (10 points) Unsold’s theorem states that, for any value of the orbital quantum number 1, the
probability densities summed over all possible states from m; = —ltom; = +1 yield a
constant independent of angles 8 or ¢, that is

l
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(@) (3 points for each |, atogllzo;l9 points) Verify Unsold’s theorem for L = 0,1l = 1,and | =
2.
Where
1=0, m=0, @0(,:%,@0:%
l=1,m; =0, ®10= ?cos@,d)():\/%_n
l=1m; =41, ®1i1 = ?sin@,cl)ir1 = \/%_neikb
l=2,m =0, ®20=@(3c0529—1),®0=%ﬁ
[=2,m = +1, 241 = gsinecose,d)ﬂ = %neiid’
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(b) (1 point) Explain what this theorem tells about the charge distribution of the closed shell
atoms such as Helium and Argon.

3. (5 points) Textbook: Harris, Chapter 8 Conceptual Exercise #42
4. (5 points) Textbook: Harris, Chapter 8 Conceptual Exercise #43
5. (5 points) Textbook: Harris, Chapter 8 Conceptual Exercise #44
6. (10 points) Textbook: Harris, Chapter 8 Conceptual Exercise #45
7. (10 points) Textbook: Harris, Chapter 8 Conceptual Exercise #74



