Announcements

 Mid-term exam: 01/29, Tue, in class
— Chapters 7 and 8

— Open book and open lecture notes but no
personal notes

— More conceptual
— simple calculations if any.
— Review session, , Monday 28, room, pm



Lecture 5 Topics

Most probable value r vs. expectation value r
Invariance and conservations

Why orbital angular momentum is not enough?
Spin angular momentum

Four quantum numbers

Total angular momentum

LS coupling

Wave function for a system of particles

— Identical particles

— Exclusion principle for fermions
Multi-electron atoms

— Energy levels by n

— Energy levels by | at a given n

— Energy levels by electron symmetric and antisymmetric configurations at a
given | and n



Most probable vs. expectation value

Expectation Value r B J’“ > o2 R, I(r):d-r
| . 1

dP(r) _ dr Ry (r)* _ 0
dr dr

Most probable r Value



Most probable vs. expectation value

Expectation Valuer - — f: . rszi(r)zdr

dP(r) _ dr*Ry i(r)? _
dr dr

0

Most probable r Value




P(r) ~ r? R4(r)
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Invariance and Conservation

H =T (Kinetic) +U (Potential)

H(x,v,z) =H(x+a, v+ b,z+c)

Trsnalationally invariant = Linear momentum conservation

H(r,0,¢) = H(r,6 +a, ¢ + b)

Rotationally invariant = Angular momentum conservation



Invariance and Conservation

H =T (Kinetic) +U (Potential)

H(x,v,z) =H(x+a, v+ b,z+c)

Trsnalationally invariant = Linear momentum conservation

H(r,0,¢) = H(r,6 +a, ¢ + b)

Rotationally invariant = Angular momentum conservation

Hwn,!,m; = Eni:l-l‘.'n.!,m;
szn,!,m[ = '“:‘i: + 1}?1211!‘1?1,1,?11[

szn,!,m; = m!h“:bn,!,m;



Why not enough?




Why not enough?
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Why not enough?

B=B_2 Since L. = m;h

m; = —1,..,+L




Why not enough?

B = B_z Since L_ = m;h

.m: = _'i-l'.l' "'.I-+Ii-l--




Spin Angular Momentum

* |ntrinsic property of a given particle

* Magnitude |5 /s(s+1)h
* Direction 5_= m_h




Spin Angular Momentum

* |ntrinsic property of a given particle

* Magnitude |5 /s(s+1)h
* Direction 5_= m_h

m,= —s,.—s+1,..5s— 1,5




Why not enough?




Why not enough?

Two lines! For /=0



Four guantum numbers

* Principal guantum number: n

—_—

E,= —13.6 eV (=) L =i+ Dk
N m,h

L.E'

|§|= s(s+ 1)k

5.= m,h
* Orbital qguantum number: =0.1.2. _.(»-1)
* Magnetic qguantum number: m; =0, 11,%2,..+1
* Spin quantum number: m_ = —s5-s+1,..5—1,5s



Wave functions

11{’:*:,!,?11;,:*1& = wn,!,m; (TJ' EJ‘ qﬁjmﬂ

11'& 1 1= tﬂn,!,m[ [:T', EIJ' ':J-'E"] T

Tl ok _.mi _|+:
-

11'& 1= tﬂn,!,m[ [:T', Er ':J-'E"] ‘L

* Spin should increase the degeneracy when no
magnetic field is present n? to 2n?

* With the magnetic field, degeneracy can be
* broken due to LS coupling.



Spin-Orbit Interaction

* |[n a weak external magnetic field, we observe
the combined angular momentum

by
I
=]
+
T

Total Angular Momentum (] )

JT= JiG+ D

J: = m;h

-'r.E' = LEiSE

m;A= mh + m_h

where j=|l—s|, |l -5+ 1,..[l + 5| — 1|l + 5]

where m; = —j,—j +1,..,j—1,j



—_—

Jl = JitG+1)h  wherej=|l—s|,|l—s|+1,..1l+s]— 1]l + 5|
J. = m}-h where m. = —j,—j +1,...,j—1,j

ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ 7
-'F.E' = LEiSE
m;hi= mh + m_h

|E = JI{l+1)h wherel=0,1,2,..n—1
L.= mh wherem, = —[,—I+1,..1—1,1

=

|§ | = /s (s+ 1)k where 5 i5s a number intrinsic to a given particle

5.= m,h wherem,= —s5,—s5+1,..5 — 1,5



Exercise =2, s=1/2

* |[n a weak external magnetic field
— Possible j values
— Total angular momentum magnitude for each j
— The number of possible states for each j

Ui=JiG+Dh wherej=I|l—slll—sl+1,..|l+sl—1,|l +s]
J: = m;h where m; = —j,—j+1,..,j—1,j

]z = in 5.'.-'

m;h= mh + mh



Exercise [=2, s=1/2

In a weak external magnetic field

— Possible j values

— Total angular momentum magnitude for each j
— The number of possible states for each j

— —
I'Spnsslble states (’{,H—l)
for j _% - my = —§,—§,+§,+§ m= w“mﬁ =ﬂq|::ﬁ= vis

4 possible states
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Exercise =2, s=1/2

* |n a strong external magnetic field

— LS coupling breaks (LS coupling effect is very
small)

— L and S are independently quantized.
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Periodic Table
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What we know so far:

Number of electrons in each atom

Electrons should be in one of the orbitals determined by n,
[, and m,

n limits what types of | orbitals an electron can occupy.
Each | orbital has 2I+1 possible m, states:

— sorbital=1

— porbital=2x1+1=3

— dorbital=2x2+1=5

— forbital=2x3+1=7

Due to electron’s spin where %, and — % are possible, each
m, orbital can have two additional possible states.

As a result, in each n, there are 2n? possible states.



Questions

 How to construct a wave function with multi-
electrons in an atom (wave function question)

* How to stack electrons across all possible
orbitals? (energy question)
— N
— By /atagivenn
— By m,ata given/andn
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ldentical particles
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ldentical particles
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Electron1 @ Electron 1 11'5’[3]
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Electron 2

Hydrogen atom Helium atom
Y(1,2) =y

After exchanging two particles



ldentical particles

_e ' . . -
Electron1 @ Electron 1 11'5’[3]
®
’ +e ’ +2e
Electron 2

Hydrogen atom Helium atom
Y(1,2) =y

After exchanging two particles

Y(2,1) = v(@w()



ldentical particles

1 (1)
W(1) . °
Electron1 @ Electron 1? 14!:[2]
®
. +e . +2e
Electron 27?

Hydrogen atom Helium atom

[Ww(1,2)1* = |w(2,1))? Y(1,2) =p(0)w(2)

P(1,2) =9(21)
P [ LE] = — [:3}1] After exchanging two particles

Y(2,1) = v(@w()




ldentical particles

P(1)
P(1) ®

Electron 1?

O - Q -2

-e
Electron1 @

Hydrogen atom Helium atom

[w(12)1* = Y (21)[

¥ [ 1’Ej = Y [:E’lj ~ Anti-symmetric

¥(2)
o

Electron 27

¥(1,2) =yw(2,1) +— Symmetric under exchange operation



When Particle 1 15 in 11 state and Particle 2 1s in n'state

¥ = ¥,y (2)

When Particle 2 15 in 11 state and Particle 1 1s in »n'state

Wy = Y, [3]11'[’;-;"[:1]

[w(1,2)1* = [ (21)°

Lﬂﬁ}'mma tric %E [11{1'?: [:1]11{111" [E] + 11{;” [2]11‘!’11" [1]]

[ (D (2) = 9, (2 (1)]

" 1
Anti —Symmetric - =
V2



Bosons

lﬂﬂ}'mmﬂ tric EEItiEfiEE 11'[1'[:1!3] = 11'&[3:1]

e Systems of bosons are described by wave functions that
are symmetric upon the exchange of any pair of bosons.
* Bosons are integer spin particles such as
*Photon (s=1) Deuteron (s=1)
* Pion (s=0)
*Helium nucleus (alpha particle; s=0)
* Bosons can occupy the same quantum state.



Fermions

tﬂﬂnri—S}'mmsrri: SEItI',EfL'E'S 11'&(1!3] = _11'&(3:1]

Systems of fermions are described by wave functions that
reverse sign upon the exchange of any pair of electrons.

Fermions’ spin numbers are half-integer:

— Electron, proton, and neutron =%

f =

T
n=r 1$Anri—5}'mmatriﬂ

1
wﬂnri —Symmetric E [mn [:1]11'5'?:" [:E] o 11'I:Jl:rz [3]11{:11" [:1]]



Fermions

tﬂﬂnri—S}'mmsrri: SEItI',EfL'E'S 11'&(1!3] = _11'&(3:1]

Systems of fermions are described by wave functions that reverse
sign upon the exchange of any pair of electrons.

Fermions’ spin numbers are half-integer:

— Electron, proton, and neutron = %

If .................
—_— el _
n=mn !tﬂﬂnri—E}'mmsrric = 0.

wﬂnri —Symmetric i— [mn [:1]11'5'?:" [:E] o 11'I:Jl:rz [3]11{:11" [:1]]

V2

Two fermions of the same type cannot occupy the same quantum
state in an isolated system.

— Exclusion Principle



Periodic Table: Two basic rules

* A system of particles is stable when its total
energy is a minimum

* Only one electron can exist in any particular
guantum state in an atom (exclusion
principle).



Which quantum state has a lower
energy?

* When n is lower.
 With a given, when [ is lower.

* With a given /, parallel spin arrangements
lower energy.



With a given , when [is lower

1 (elesctron charge)(nucleus chargse)
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With a given /, parallel spin
arrangements lower energy.

wave function where electron 1 occupies n state and electron occupies n’ state:

‘J,ﬁJ'[Z].,E] = 11{:?! :r;!" [:1!3] TT

[f we exchange electron 1 and electron 2, a wawve function becomes

Y(21) =, s (2D 1

According to the exclusion principle,

w(1,2) = — ¥(21)

W (1,2) 1T = —y_(2,1) 1T

Yo (12) = =9, 1 (2,1)
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[f we exchange electron 1 and electron 2, a wawve function becomes

Y(21) =, s (2D 1

According to the exclusion principle,
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N=N:-:
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Yo (12) = =9, 1 (2,1)



With a given /, parallel spin
arrangements lower energy.

wave function where electron 1 occupies n state and electron occupies n’ state:

‘J,ﬁJ'[Z].,E] = 11{:?! :r;!" [:1!3] TT

[f we exchange electron 1 and electron 2, a wawve function becomes

Y(21) =, s (2D 1

According to the exclusion principle,

; - w(1,2) = — ¥(21)
N=N:-:

W (1,2) 1T = —y_(2,1) 1T
Y, .(1.2)= —¢, ,.(21) =0

Yo (12) = =9, 1 (2,1)



With a given /, parallel spin
arrangements lower energy.

wave function where electron 1 occupies n state and electron occupies n’ state:

‘J,ﬁJ'[Z].,E] = 11{:?! :r;!" [:1!3] TT

[f we exchange electron 1 and electron 2, a wawve function becomes

P(2,1) =, (2,1) 7T
According to the exclusion principle,
fn=n’?

U, (12)= —y, ,(21) =0

w(1,2) = — ¥(21)

W (1,2) 1T = —y_(2,1) 1T

Yo (12) = =9, 1 (2,1)

- Lower Coulomb Interaction (by decreasing repulsive interaction between two electrons)



P orbital spin arrangements
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Effective charge of the nucleus
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Effective charge of the nucleus
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lonization Energy

Figure 8.16 First ionization energies of the elements.
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